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We disuss rotating wormholes in general relativity with a salar eld with negative kineti energy.
To solve the problem, we use the assumption about slow rotation. The role of a small dimensionless
parameter plays the ratio of the linear veloity of rotation of the wormhole's throat and the veloity
of light. We onstrut the rotating wormhole solution in the seond order approximation with respet
to the small parameter. The analysis shows that the asymptotial mass of the rotating wormhole is
greater than that of the non-rotating one, and the NEC violation in the rotating wormhole spaetime
is weaker than that in the non-rotating one.
PACS numbers: 04.20.Jb, 04.25.Nx, 98.80.Cq
I. INTRODUCTION
Wormholes are usually dened as topologial handles in spaetime linking widely separated regions of a single
universe, or bridges joining two dierent spaetimes [1, 2℄. As is well-known [3℄, they an exist only if their throats
ontain exoti matter whih possesses a negative pressure and violates the null energy ondition. The searh of
realisti physial models providing the wormhole existene represents an important diretion in wormhole physis.
Various models of this kind inlude salar elds, wormhole solutions in semilassial gravity, solutions in Brans-Dike
theory, wormholes on branes, wormholes supported by matter with exoti equations of state, suh as phantom energy,
the Chaplygin gas, tahyon matter, and others [4, 5℄.
It is worth being notied that most of the investigations deal with stati spherially symmetri wormholes beause
of their simpliity and high symmetry. At the same time it would be important and interesting from the physial point
of view to study more wide lasses of wormholes inluding non-stati and rotating ones. Non-stati wormholes whose
geometry is depending on time have been disussed in the literature. In 1993 Roman [6℄ explored the possibility that
ination might provide a mehanism for the enlargement of submirosopi, i.e., Plank sale wormholes to marosopi
size. He used the line element with the exponential sale fator. Kim [7℄ generalized the Roman's onsideration by
using the sale fator in a general form. Various aspets of non-stati wormholes onformally related to stati wormhole
geometries were investigated in [8, 9, 10, 11℄; in partiular, some issues onerning WEC violation and traversability in
these time-dependent geometries were disussed. Kuhttig [12℄ onsidered a spherially symmetri wormhole spaetime
with the metri whose omponents are time-depending. Exat solutions desribing osmologial evolution of salar
eld wormholes were obtained in [13, 14℄.
Rotating wormholes have also been an objet for study. Some general geometrial properties of stationary rotating
wormholes have been rst analyzed by Teo [15℄. General requirements for the stress-energy tensor neessary to generate
the rotating wormhole were disussed in [16℄. The WEC violation and traversability in the rotating wormhole spaetime
were in details studied in [17℄. Kim [18℄ investigated salar perturbations in a partiular model of the rotating wormhole.
In Ref. [19℄ the authors studied a slowly rotating wormhole surrounded by a loud of harged partiles. Arguments in
favour of the possibility of existene of semilassial rotating wormholes were given in [20℄.
In previous work [21℄ we were ontinuing the study of rotating wormholes. Our aim was to onstrut an exat
solution desribing these objets in general relativity with a salar eld. As is well-known (see [22, 23℄) a salar ghost,
i.e. a salar eld with negative kineti energy an support stati spherially symmetri wormholes. Moreover, suh
wormholes are stable against linear spherially symmetri perturbations [24℄. In [21℄ we looked for rotating wormholes
supported by the salar eld with negative kineti energy. To solve the problem we supposed that a wormhole is
very slowly rotating and onstruted a solution in the rst order approximation with respet to a small parameter
haraterizing the veloity of rotation. In this approximation the only term ∼ Ωdtdϕ is added to the initial non-rotating
wormhole metri, where Ω is the loal angular veloity of rotation. This term results in the well-know dragging eet
in general relativity. Namely, it was shown that a test partile initially propagating along the radial diretion turns
∗
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2out to be involving into the wormhole rotation so that after passing through the throat of a wormhole it ontinues
its motion along a spiral trajetory moving away from the throat. Propagation of light exhibits similar behavior. The
ray of light after passing through the rotating wormhole throat is propagating along the spiral. At the same time, the
rst order approximation does not give an answer to a number of interesting and important problems onerning the
rotating wormhole mass, the NEC violation and others. For this reason, in this paper we onstrut and analyze the
seond order solution desribing the rotating wormhole in general relativity with the salar eld with negative kineti
energy.
The paper is organized as follows. In Setion II we give some general formulas and write down the eld equations. A
stati spherially symmetri wormhole is briey disussed in Setion III. In Setion IV we formulate the ondition of
slow rotation and introdue a small parameter haraterizing the rotation veloity. Then we onstrut a solution
desribing a rotating wormhole in the seond order approximation with respet to this small parameter. Some
properties of the solution is analyzed in Setion V. Namely, we disuss how a mass and a value of the NEC violation
by a rotating wormhole dier from those of a non-rotating one. A summary of results obtained is given in Setion VI.
In Appendix we give details of solving eld equations in the seond order approximation and write their solution in
an expliit form.
II. GENERAL FORMULAS
Consider general relativity with a salar eld Φ, desribing by the ation
S =
∫
d4x
√−g [R+ (∇Φ)2] , (1)
where gµν is a metri, g = det(gµν), R is the salar urvature, and (∇Φ)2 = gµνΦ,µΦ,ν is the kineti term. Throughout
the paper we use units G = c = 1 and the signature (− +++). For this signature the + sign before the kineti term
orresponds to negative kineti energy, hene Φ is a ghost.
Varying the ation (1) with respet to gµν and φ yields Einstein equations and the equation of motion of the salar
eld, respetively:
Rµν = −Φ,µΦ,ν , (2)
∇α∇αΦ = 0. (3)
In the paper we will searh for solutions of the system (2),(3) desribing rotating wormholes. A spaetime with the
stationary rotation possesses the axial symmetry. As is known (see, e.g. [25℄) a general axially symmetri metri an
be given in the following form:
ds2 = −Adt2 +Bdr2 +R2[dθ2 + sin2 θ(dϕ − Ωdt)2], (4)
where A, B, R, Ω are funtions of r, θ. The funtion Ω has an expliit physial sense; it represents an angular veloity
of rotation in a point (r, θ). The requirement of niteness of the angular momentum J measured by a distant observer
yields the following asymptotial ondition for Ω [26℄:
Ω =
2J
r3
+O(r−4) as r →∞. (5)
Also, requiring that a spaetime should be asymptotially at we have A→ 1, B → 1, and R2 → r2 as r →∞.
Eqs. (2), (3), written for the metri (4), are seond-order partial dierential equations for ve funtions A, B, R,
Ω, and Φ. Solving these equations in a general form is a rather ompliated mathematial problem. To simplify the
problem, in what follows we restrit ourselves by the ase of slow rotation.
III. STATIC SPHERICALLY SYMMETRIC WORMHOLE
To formulate the ondition of slow rotation, rst of all we will disuss the stati spherially symmetri ase. A
stati spherially symmetri solution in general relativity with a ghost salar eld was rst found by Ellis [22℄ and
independently by Bronnikov [23℄. This solution an be presented as follows (see [13℄):
ds2 = −e2u(r)dt2 + e−2u(r)[dr2 + (r2 + a2)(dθ2 + sin2 θdϕ2)], (6)
Φ(r) =
(m2 + a2)1/2
2pi1/2m
u(r), (7)
3where the radial oordinate r varies from −∞ to ∞, m and a are free parameters, and
u(r) =
m
a
(
arctan
r
a
− pi
2
)
. (8)
Taking into aount the following asymptotial behavior:
e2u|r→∞ = 1− 2m
r
+O(r−2),
e2u|r→−∞ = e−2pim/a
(
1− 2m
r
)
+O(r−2),
we an see that the spaetime with the metri (6) possesses two asymptotially at regions. The parameter m plays a
role of the asymptotial mass for a distant observer loated at r =∞. We will assume that m ≥ 0. The asymptotially
at regions are onneted by a throat whose radius orresponds to a minimum of the radius of two-dimensional sphere,
R2(r) = e−2u(r)(r2 + a2). The minimum of R(r) is ahieved at rth = m. The value Rth = R(rth) is alled the radius
of wormhole throat. It is worth noting that there exist massless wormholes with m = 0. In this ase the metri (6)
takes the espeially simple form:
ds2 = −dt2 + dr2 + (r2 + a2)(dθ2 + sin2 θdϕ2). (9)
It is interesting that the metri (9) was proposed a priori by Morris and Thorne in [1℄ as a simple example of the
wormhole spaetime metri.
IV. ROTATING WORMHOLE
Now let us onsider rotating wormholes. For this aim we take the wormhole metri in the form (4) with r ∈
(−∞,+∞). Assume that the throat of a wormhole orresponds to the value r = rth. Dene the throat's radius as
Rth = R|r=rth,θ=pi/2. Also we introdue the value Ωth = Ω|r=rth,θ=pi/2, being the equatorial angular veloity of rotation
of the wormhole throat. Without loss of generality we may suppose that Ωth > 0, i.e. the throat is rotating in the
positive diretion. Assume now that the following ondition is fullled:
RthΩth ≪ c, (10)
where c is the veloity of light. The ondition (10) means that the linear veloity of rotation of the throat is muh
less than c. Further, we will onsider an approximation of slow rotation with the small dimensionless parameter
λ = RthΩth/c. In this approximation omponents of the metri (4), desribing the rotating wormhole, should just
slightly dier from respetive omponents of the stati metri (6). Following the proedure given in [25℄, we represent
the metri funtions A, B, R, Ω and the eld Φ as an expansion in terms of powers of λ:
Ω = λω +O(λ3), (11)
A = A0(1 + λ
2α) +O(λ4), (12)
B = B0(1 + λ
2β) +O(λ4), (13)
R = R0(1 + λ
2ρ) +O(λ4), (14)
Φ = Φ0(1 + λ
2φ) +O(λ4), (15)
where A0, B0, R0, and Φ0 are zero order solutions orresponding to the unperturbed stati spherially symmetri
onguration (6), (7):
A0 = e
2u, B0 = e
−2u, R20 = e
−2u(r2 + a2), Φ0 =
(m2 + a2)1/2
2pi1/2m
u(r). (16)
It is neessary to emphasize that the substitution λ → −λ (or, equivalently, Ωth → −Ωth) merely orresponds to
the rotation in the opposite diretion. It is obvious that in this ase the angular veloity Ω is also hanging its sign,
Ω→ −Ω, while the funtions A, B, R, and Φ do not depend on the diretion of rotation. Mathematially, this means
that Ω is an odd funtion of λ, i.e. Ω(−λ) = −Ω(λ), and the others are even, i.e. A(−λ) = A(λ), et. Therefore, the
expansion (11) for Ω ontains only odd powers of λ, while the other expansions (12-15) ontain only even powers of
λ.
Substituting the expansions (11-15) into the eld equations (2),(3) and olleting terms with similar powers of
λ yields a sequene of n-th order equations with n orresponding to powers of λ. The zeroth order eld equations
desribe the stati spherially symmetri onguration (6), (7). Cutting the sequene of equations on a denite n
orresponds to the n-th order approximation of the theory.
4A. The rst order approximation
Rotating wormholes in the rst order approximation have been studied in [21℄. As is seen from Eqs. (11)(15), in
this approximation the funtions A, B, R, Φ remain to be unperturbed, while the angular veloity Ω, being initially
equal to zero, takes the form Ω = λω. The only nontrivial equation for ω reads
− 1
sin3 θ
∂θ[sin
3 θ ∂θω] = (r
2 + a2)∂2rω + 4(r −m)∂rω. (17)
Its solution, having a natural physial meaning, is
ω(r) =
ω0(µ)
a
[
1− e4u(r)
(
1 +
4m(r + 2m)
r2 + a2
)]
. (18)
with
ω0(µ) = [1− e−2piµ(1 + 8µ2)]−1, (19)
where µ ≡ m/a is a dimensionless mass parameter. This solution desribes a slowly rotating wormhole with the
angular veloity Ω = λω and the angular momenta J±:
J± =
4
3µω0q±(a
2 + 4m2), q+ = 1, q− = e
−4piµ, (20)
whih are dened from asymptotis ω = 2J±|r|−3 +O(|r|−4) at r→ ±∞.
Stress that the rst order approximation lets only to determine the angular veloity Ω of the wormhole's rotation
and, as a onsequene, reveal interesting features in a motion of test partiles and a propagation of light in the rotating
wormhole spaetime [21℄. At the same time, sine the metri funtions A, B and R and the salar eld Φ remain to
be unperturbed in the rst order approximation one annot answer a number of important questions. For example,
how does the rotation hanges suh harateristis of the stati wormhole as its mass and throat's radius? How does
the value of violation of the null energy ondition depend on the wormhole's rotation? To answer these questions,
hereafter we will onsider the seond order approximation.
B. The seond order approximation
Substituting the expansions (11)(15) into the Einstein equations (2) and the salar eld equation (3) and olleting
λ2-terms yields the following system of equations for α, β, ρ, and φ:
(r2 + a2)∂2rα+ (∂
2
θα+ cot θ ∂θα) + (2r +m)∂rα−m(∂rβ − 4∂rρ) = e−4uω′2(r2 + a2)2 sin2 θ, (21)
(r2 + a2)(∂2rα+ 4∂
2
rρ) + (∂
2
θβ + cot θ ∂θβ) + 3m∂rα+ (2r −m)(4∂rρ− ∂rβ)
= e−4uω′2(r2 + a2)2 sin2 θ +
8(m2 + a2)
m
∂r(uφ), (22)
(r2 + a2)(∂2rθα+ 2∂
2
rθρ)− r(∂θα+ ∂θβ) + 2m∂θα =
4(m2 + a2)
m
u∂θφ, (23)
2(r2 + a2)∂2rρ+ 2(∂
2
θρ+ cot θ ∂θρ) + ∂
2
θα+ ∂
2
θβ + (r −m)(∂rα− ∂rβ) + 4(2r −m)∂rρ− 2β + 4ρ = 0, (24)
2(r2 + a2)∂2rρ+ 2(∂
2
θρ+ cot θ ∂θρ) + cot θ (∂θα+ ∂θβ) + (r −m)(∂rα− ∂rβ) + 4(2r −m)∂rρ
−2β + 4ρ = −e−4uω′2(r2 + a2)2 sin2 θ, (25)
2u(r2 + a2)∂2rφ+ 2u(∂
2
θφ+ cot θ ∂θφ) + 4(ru +m)∂rφ+m(∂rα− ∂rβ + 4∂rρ) = 0, (26)
where ∂rα = ∂α/∂r, ∂
2
rα = ∂
2α/∂r2, et. One may simplify the system (22)(26) noting that Eq. (23) an be
integrated straightforwardly resulting in
(r2 + a2)(∂rα+ 2∂rρ)− r(α + β) + 2mα = 4(m
2 + a2)
m
uφ+ f1, (27)
5where f1(r) is an arbitrary funtion of r. Also, it will be onvenient to onsider their ombinations [(24)+(25)℄ and
[(24)−(25)℄ instead of equations (24) and (25):
4(r2 + a2)∂2rρ+ 4(∂
2
θρ+ cot θ ∂θρ) + (∂
2
θα+ cot θ ∂θα) + (∂
2
θβ + cot θ ∂θβ) + 2(r −m)(∂rα− ∂rβ) (28)
+8(2r −m)∂rρ− 4β + 8ρ = −e−4uω′2(r2 + a2)2 sin2 θ,
∂2θα+ ∂
2
θβ − cot θ (∂θα+ ∂θβ) = e−4uω′2(r2 + a2)2 sin2 θ. (29)
Then, integrating Eq. (29) yields
α+ β = 14e
−4uω′2(r2 + a2)2(2 cos2 θ − 1) + f3 cos θ + f2, (30)
where f2(r) and f3(r) are arbitrary funtions of r. Taking into aount that the rotating wormhole onguration
should possess the symmetry θ → pi − θ one should set f3(r) ≡ 0. Finally, the equations (21), (22), (26), (27), (28)
and (30) form the system to be solved. Note that only four equations of this system are independent sine the Bianhi
identity ∇µGµν = 0 and the onservation law ∇µT µν = 0 take plae.
To solve the system of eld equations we will follow Ref. [25℄ and expand the funtions α, β, ρ, and φ in spherial
harmonis:
1
α(r, θ) = α0(r) + α2(r)P2(θ) + ..., (31a)
β(r, θ) = β0(r) + β2(r)P2(θ) + ..., (31b)
ρ(r, θ) = ρ0(r) + ρ2(r)P2(θ) + ..., (31)
φ(r, θ) = φ0(r) + φ2(r)P2(θ) + .... (31d)
We would like to stress that the expansions (31) ontain only even spherial harmonis being symmetri with respet
to the equatorial plane θ = pi2 . Another onvenient simpliation of the metri may be made here. Transformations
of the type r → f(r) do not hange the form of the metri (4). Suh a oordinate transformation may, therefore, be
used to provide the additional ondition
ρ0(r) = 0. (32)
This will be assumed in the following. Now substituting Eqs. (31) into (21), (22), (26), (27), (28) and (30) we nd
(r2 + a2)α′′n + (2r +m)α
′
n −m(β′n − 4ρ′n)− n(n+ 1)αn = 23e−4u(r2 + a2)2ω′2(δn0 − δn2), (33)
(r2 + a2)(α′′n + 4ρ
′′
n) + 3mα
′
n − (2r −m)(β′n − 4ρ′n)− n(n+ 1)βn = 23e−4u(r2 + a2)2ω′2(δn0 − δn2)
+8
m2 + a2
m
(uφn)
′, (34)
(r2 + a2)(α′n + 2ρ
′
n)− (r − 2m)αn − rβn = 4
m2 + a2
m
uφn + f1δn0, (35)
4(r2 + a2)ρ′′n + 8(2r −m)ρ′n + 2(r −m)(α′n − β′n) + 8ρn − 4βn
−n(n+ 1)(4ρn + αn + βn) = −2
3
e−4u(r2 + a2)2ω′2(δn0 − δn2), (36)
αn + βn =
1
3e
−4u(r2 + a2)2ω′2δn2 + f2δn0, (37)
2u(r2 + a2)φ′′n + 4(ur +m)φ
′
n − 2n(n+ 1)uφn +m(αn − βn + 4ρn)′ = 0, (38)
1
Spherial harmonis or Legendre polynomials Pn(θ) obey the equation (see, for example, [27℄)
d2Pn
dθ2
+ cot θ
dPn
dθ
= −n(n+ 1)Pn.
They satisfy the Rodrigues' formula
Pn(θ) =
(−1)n
2nn!
„
d
d cos θ
«n
{[1− cos2 θ]n}.
In partiular, P0(θ) = 1, P1(θ) = cos θ, P2(θ) =
3
2
cos2 θ − 1
2
. Note that Pn(θ) = (−1)nPn(pi − θ), i.e. even spherial harmonis (with
even numbers n) are symmetri with respet to the equatorial plane θ = pi
2
, while odd ones are antisymmetri.
6where a prime means the derivative with respet to r, n = 0, 2, ..., and δnn˜ is the Kroneker delta. Note that only the
n = 0 and n = 2 equations involve the angular veloity ω. The oeients in the expansion of α, β, ρ, and φ with
n ≥ 4 must, therefore, vanish sine they vanish when the wormhole is not rotating, i.e.
αn = βn = ρn = φn ≡ 0, n ≥ 4. (39)
This redution in the number of values of n from innity to 2 is the entral simpliation of the slow rotation
approximation. In plae of a system of partial dierential equations one now only has ordinary dierential equations
for the seven unknown funtions α0, β0, φ0, and α2, β2, ρ2, φ2. A solution of these equations in an expliit analyti
form is given in the appendix. Generally speaking, this solution depends on several onstants of integrations. However,
their values are xed if one assumes that the perturbations are everywhere regular and obey the natural boundary
onditions:
α0|r→±∞ = 0, β0|r→±∞ = 0, φ0|r→±∞ = const,
α2|r→±∞ = 0, β2|r→±∞ = 0, ρ2|r→±∞ = 0, φ2|r→±∞ = 0. (40)
These onditions guarantee that there is no rotation far from the wormhole throat. Note that φ0(r) tends to a onstant
as r → ±∞ beause the ation (1) is invariant with respet to the shift Φ → Φ + const. In Figs. 1 and 2 we give
graphial representation for α0, β0, φ0, and α2, β2, ρ2, φ2.
èñ. 1: The graphs of α0(r), β0(r), and φ0(r) for a = 1. The thik, middle and thin urves orrespond to m = 0, 0.5, 1,
respetively.
V. ANALYSIS OF THE SOLUTION
Properties of the non-rotating wormhole spaetime with the metri (6) are only determined by two parameters m
and a, where m represents the wormhole mass measured by a distant observer loated at r =∞, and a determines the
radius of the wormhole throat. As was shown in the previous setion, in addition to m and a the rotating wormhole
solution depends on the parameter λ = RthΩth/c being a dimensionless linear veloity of rotation of the wormhole
throat. In this setion we will disuss the problem: How do harateristis of the rotating wormhole dier from those
of the non-rotating one possessing the same parameters m and a?
7èñ. 2: The graphs of α2(r), β2(r), ρ2(r) and φ2(r) for a = 1. The thik, middle and thin urves orrespond to m = 0, 0.5, 1,
respetively.
A. The mass of rotating wormhole
To nd the rotating wormhole mass M , we should onsider the limit gtt|r→∞ → −(1− 2M/r). In the seond order
approximation we have found gtt = A(r, θ) = −e2u(r){1+λ2[α0(r)+α2(r)P2(θ)]}. Note that α2(r)|r→∞ ∼ r−2, hene
the n = 2 solution does not give any ontribution in M . Taking into aount the following asymptotial property:
α0(r)|r→∞ = −2∆m
r
+O(r−2), (41)
with
∆m(µ) = aω20(µ)
[
2(1 + 10µ2)(3µpi + (u(µ) + 1)(e−4µpi − 1))
3pi
+
2µe4u(µ)(34µ4 − µ2 + 1)
3(1 + µ2)
− 16µ3
]
, (42)
where µ = m/a is a dimensionless mass parameter, we obtain
M = m+ λ2∆m(µ), (43)
The value of λ2∆m(µ) haraterizes the dierene between the rotating and non-rotating wormhole masses M and
m, respetively. In Fig. 3 the graph of ∆m(µ) versus µ is shown. Note that ∆m(µ) is positive for all µ and is the
greater the greater µ. It is worth to stress that ∆m(µ) is not equal to zero in ase µ = 0:
∆m(0) =
8a
3pi
. (44)
The ase µ = 0 or, equivalently, m = 0 orresponds to the massless non-rotating wormhole. The non-zero value ∆m(0)
means that there do not exist massless rotating wormholes.
B. The NEC violation
A violation of the null energy ondition (NEC) in the viinity of the wormhole throat is an essential feature of
wormhole physis [1, 2, 3℄. The NEC reads Tµνk
µkν ≥ 0, where Tµν is the stress-energy tensor, and kµ is a null vetor.
8èñ. 3: The graph of ∆m(µ) for a = 1.
Using the Einstein equations, it an be represented in the geometrial form Rµνk
µkν ≥ 0, where Rµν is the Rii tensor.
To analyze the NEC in the rotating wormhole spaetime with the metri (4), we hoose kµ = (A−1/2, B−1/2, 0,ΩA−1/2)
and introdue the value Ξ = Rµνk
µkν . In the seond order approximation Ξ takes the following form
Ξ(r, θ) = Ξ0(r) + λ
2[ξ0(r) + ξ2(r)P2(θ)], (45)
where
Ξ0(r) = −2e2u(r) m
2 + a2
(r2 + a2)2
, (46)
and
ξ0(r) =
e2u(r)
(r2 + a2)2
[
2β0(m
2 + a2) + (r −m)(r2 + a2)(α′0 + β′0)
]
, (47)
ξ2(r) =
e2u(r)
(r2 + a2)2
[
2β2(m
2 + a2) + (r2 + a2)[−3(α2 − β2) + (r −m)(α′2 + β′2 − 4ρ′2)− 2ρ′′2(r2 + a2)]
]
. (48)
The value Ξ0 haraterizes the onguration without rotation. As is seen, Ξ0 is everywhere negative, hene the NEC
is violated in the whole spaetime of the non-rotating wormhole. As for rotating wormholes, it will be onvenient to
average the quantity Ξ(r, θ) over all diretions:
Ξ(r) =
1
4pi
∫ 2pi
0
∫ pi
0
Ξ(r, θ) sin θdθdϕ
= Ξ0(r) +
λ2e2u(r)
(r2 + a2)2
[
2β0(m
2 + a2) + (r −m)(r2 + a2)(α′0 + β′0)
]
. (49)
In Fig. (4) the quantities Ξ(r) and Ξ0(r) are shown together. It is seen that the value of Ξ(r) is everywhere negative
but greater than Ξ0(r). This means that the NEC violation in the rotating wormhole spaetime is weaker than that
in the non-rotating one.
VI. SUMMARY
We have onstruted a solution desribing slow rotating wormholes in general relativity with the salar eld
possessing negative kineti energy. The role of a small dimensionless parameter λ plays the ratio of the linear veloity
of rotation of the wormhole's throat and the veloity of light, λ = RthΩth/c. The eld equations have been solved
in the seond order approximation with respet to λ. It is worth noting that we sueeded in nding a solution in
9èñ. 4: The graphs of Ξ(r) (thik line) and Ξ0(r) (thin line) for a = 1.
an expliit analytial form. Its analysis has shown that a mass of a rotating wormhole is greater than that of a
non-rotating one. As a onsequene, this means that rotating wormholes, in ontrast to the non-rotating ones, annot
possess a zero mass. The respetive analysis of the NEC violation in a rotating wormhole spaetime reveals the fat
that it is slightly weaker than that in a non-rotating one.
Aknowledgments
The work was supported by the Russian Foundation for Basi Researh grants No 08-02-00325, 08-02-91307.
Appendix
Here we will solve the system of equations (33)(38). Note that the equations for dierent values of n are not
oupled together. For this reason, we will onsider the equations for n = 0 and n = 2 separately.
The ase n = 0. In this ase the equations (35) and (37) turn into identities beause f1(r) and f2(r) are arbitrary
funtions. As a result, we obtain
(r2 + a2)α′′0 + 2rα
′
0 +m(α0 − β0)′ = 23e−4u(r2 + a2)2ω′2, (50)
(r2 + a2)α′′0 + 3mα
′
0 − (2r −m)β′0 = 23e−4u(r2 + a2)2ω′2 + 8
m2 + a2
m
(uφ0)
′, (51)
(r −m)(α0 − β0)′ − 2β0 = − 13e−4u(r2 + a2)2ω′2, (52)
2u(r2 + a2)φ′′0 + 4(ur +m)φ
′
0 +m(α0 − β0)′ = 0. (53)
Note that the rst order equation (52) plays the role of a dierential onstraint. A general solution to the system
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(50)(53) an be given expliitly as follows:
α0(x) =
ω20
6(x− µ)
{
C1 + C2x+ C3xu(x)
+
8e4u(x)
x2 + 1
[
(1 + 10µ2)x3 + 24µ3x2 + (1 + 2µ2 + 16µ4)x− 4µ3(1 + 4µ2)
]}
, (54)
β0(x) =
ω20
6µ(x− µ)2
{
− (1 + xµ)(C3µu+ µC2 + C1) + C3µ2(µ− x)
+
8µe4u(x)
x2 + 1
[
3µ(1 + 2µ2)x3 − (1 + 2µ2 − 8µ4)x2 + 3µ(1− 2µ2)x− 48µ6 − 28µ4 − 2µ2 − 1
]}
, (55)
φ0(x) =
ω20
u(x)
{
µC4 + u(x)C5 +
1
12(x− µ)
[
C1[1 + (x − µ) arctanx] + C2µ+ C3µu(x)
]
+
2µe4u(x)
3(x− µ)(x2 + 1)
[
1 + 16µ4 − 2µ(1− 8µ2)x+ (1 + 4µ2)x2 − 2µx3
]}
. (56)
where x ≡ r/a is a dimensionless radial oordinate, µ = m/a is a dimensionless wormhole parameter, u(x) =
µ(arctanx − pi/2), and Ck (k = 1, ..., 5) are onstants of integration. Stress that values of Ck are not free. They are
onneted by means of the onstraint (52). Also, the onstants Ck should be hosen so that to provide an appropriate
asymptotial behavior of the solutions:
α0|r→±∞ = 0, β0|r→±∞ = 0, (57)
φ0|r→±∞ = const. (58)
Moreover, a hoie of Ck should guarantee regularity of the solutions α0(x), β0(x), φ0(x) at the point x = µ. Altogether,
these onditions let us x all values of the onstants Ck as follows
C1 = 8µ(1 + 10µ
2)
[
1− u(µ)
piµ
(
e−4piµ − 1)
]
− 8µe
4u(µ)(34µ4 − µ2 + 1)
µ2 + 1
,
C2 = −8(1 + 10µ2), C3 = 8
piµ
(1 + 10µ2)(e−4piµ − 1),
C4 =
32µ2 − piC1
24µ
, C5 =
C3µ
3 − C1(1 + µ2)
12µ(1 + µ2)
. (59)
The ase n = 2. The system (33)(38) now takes the following form:
(r2 + a2)α′′2 + (2r +m)α
′
2 −m(β′2 − 4ρ′2)− 6α2 = −2v, (60)
(r2 + a2)(α′′2 + 4ρ
′′
2) + 3mα
′
2 − (2r −m)(β′2 − 4ρ′2)− 6β2 = −2v + 8
m2 + a2
m
(uφ2)
′, (61)
(r2 + a2)(α′2 + 2ρ
′
2)− (r − 2m)α2 − rβ2 = 4
m2 + a2
m
uφ2, (62)
4(r2 + a2)ρ′′2 + 8(2r −m)ρ′2 + 2(r −m)(α′2 − β′2)− 16ρ2 − 6α2 − 10β2 = 2v, (63)
α2 + β2 = v, (64)
2u(r2 + a2)φ′′2 + 4(ur +m)φ
′
2 − 12uφ2 +m(α2 − β2 + 4ρ2)′ = 0, (65)
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where v ≡ 13e−4u(r2 + a2)2ω′2. A general solution of the system (60)(65) is
α2(x) = −ω20
{
4e4u(x)
3(x2 + 1)2
[
3x6 + 12µx5 + x4(7 + 22µ2) + 24µx3(µ2 + 1) + x2(5 + 36µ2 + 16µ4)
+4µx(3 + 4µ2 − 8µ4)− 64µ6 + 14µ2 + 1
]
+ arctanx
[
1
2µD2(9x
2 + 1)−D4(3x2 + 1)
]
−
+µx2D1 +
µxD2(8x
2 + 7)
2(x2 + 1)
−D3(3x2 + 1)− 3xD4
}
, (66)
β2(x) = ω
2
0
{
4e4u(x)
3(x2 + 1)2
[
3x6 + 12µx5 + x4(7 + 22µ2) + 24µx3(µ2 + 1) + x2(5 + 36µ2 + 16µ4)
+4µx(3 + 4µ2 − 8µ4)− 64µ6 + 14µ2 + 1 + 16µ2(1 + 4µ2)2
]
+ arctanx
[
1
2µD2(9x
2 + 1)−D4(3x2 + 1)
]
+µx2D1 − 3D4x− 3D3x2 −D3 + 72µxD2 +
µx3D2
x2 + 1
}
, (67)
ρ2(x) = ω
2
0
{
2e4u(x)
3(x2 + 1)2
[
3x6 + 18µx5 + x4(7 + 46µ2) + 36µx3(2µ2 + 1) + x2(5 + 76µ2 + 80µ4)
+2µx(9 + 40µ2 + 16µ4)− 64µ6 + 32µ4 + 22µ2 + 1
]
+ 14 arctanx
[
D2(9µx
2 + 6x+ µ)− 2D4(3x2 + 1)
]
+ 12xD1(µx+ 1) +
1
4D2
[
9µx+ 4− 2x(x− µ)
x2 + 1
]
− 12D3(3x2 + 1)− 32xD4
}
, (68)
φ2(x) = ω
2
0
{
4µ2e4u(x)
3(x2 + 1)2u(x)
[
x4 + 4µx3 + 2x2(1 + 4µ2) + 8µx(2µ2 + 1) + 32µ4 + 16µ2 + 1
]
− µ arctanx
4(µ2 + 1)u(x)
[
3x2(3µ2D2 −D2 − 2µD4) + µ2D2 − 3D2 − 2µD4
]
−
− µ
4(µ2 + 1)u(x)
[
x2(2µ2D1 −D1 − 6µD3) + x(−3D2 + 9µ2D2 − 6µD4)− 2µD3
−D1 − 2xD2(µ
2 + 1)
x2 + 1
]}
, (69)
where Dk, (k = 1, ..., 4) are onstants of integration. Taking into aount the boundary onditions
α2|r→±∞ = 0, β2|r→±∞ = 0, ρ2|r→±∞ = 0, φ2|r→±∞ = 0, (70)
and using the two dierential onstraints following from the system (60)(65) we an x the values of Dk as follows
D1 = −4µ(e−4piµ + 1), D2 = 8µ
pi
(e−4piµ − 1),
D3 =
2
3
(1 − 2µ2)(1 + e−4piµ), D4 = 4
3pi
(1− 3µ2)(1 + e−4piµ). (71)
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